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Abstract: The modified A -differential Lie-Yamaguti algebras are considered, in which a modified
A -differential Lie-Yamaguti algebra consisting of a Lie-Yamaguti algebra and a modified A-differential
operator. First we introduce the representation of modified A-differential Lie-Yamaguti algebras.
Furthermore, we establish the cohomology of a modified A-differential Lie-Yamaguti algebra with
coefficients in a representation. Finally, we investigate the one-parameter formal deformations and
Abelian extensions of modified A-differential Lie-Yamaguti algebras using the second cohomology
group.
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The concept of Lie-Yamaguti algebras (also called a general Lie triple system or a Lie triple algebra) was
introduced by Kinyon et al. (2001) in the study of Courant algebroids, and can be constructed from Leibniz
algebras, which originated from Nomizu's work on the invariant affine connections on homogeneous spaces in the
1950s (Nomizu, 1954). Its roots can be traced back to Yamaguti's study of the general Lie triple system
(Yamaguti, 1958). Yamaguti established the representation and cohomology theory of Lie-Yamaguti algebras in
Yamaguti(1967). Benito et al. (2005,2009) have studied Lie-Yamaguti algebras related to simple Lie algebras and
irreducible Lie-Yamaguti algebras. The deformation and extension theory for Lie-Yamaguti algebras were
investigated in Lin et al. (2015) and Zhang et al. (2015). Further research on Lie-Yamaguti algebras could be
found in Guo(2023), Teng(2024), Guo et al. (2024) and references cited therein.

The notion of A-differential algebras was first invented by Guo et al. (2008), which generalizes
simultaneously the concept of the classical differential algebra and difference algebra. On the other hand, the
term modified r-matrix stemmed from the concept of modified classical Yang-Baxter equation, which was
introduced in the work of Semenov-Tyan-Shanskii(1983). Jiang et al. (2024) developed the deformation theory

of modified r-matrices and cohomologies of related algebraic structures. Motivated by the modified r-matrices
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and A-differential algebras, Peng and his collaborators introduced the concept of modified A-differential Lie
algebras (Peng et al. , 2022).

It is well known that Lie-Yamaguti algebras are a generalization of Lie algebras and Lie triple systems. It is
very natural to investigate modified A-differential Lie-Yamaguti algebras. This was our motivation for writing
the present paper. Specifically, we define the representation and cohomology of the modified A-differential Lie-
Yamaguti algebras and apply them to the one-parameter formal deformation and Abelian extension of modified A-
differential Lie-Yamaguti algebras. All tensor products, vector spaces, and linear maps are over a field K of

characteristic 0.

1 Representations of modified A-differential Lie-Yamaguti algebras

In this section, we introduce the concept of modified A-differential Lie-Yamaguti algebras. We explore the
relationship between modified A-differential operators and derivations, and provide some examples. Finally, we
propose the representation of modified A-differential Lie-Yamaguti algebras.

First we recall some basic definitions of Lie-Yamaguti algebras from Kinyon et al. (2001) and Yamaguti
(1967).

Definition 1(Kinyon et al. , 2001) A Lie-Yamaguti algebra is a triple (g, [-,1.§,-, ), in which g is a vector
space together with a binary bracket[-,-] and a ternary bracket {-,-,-} on g satisfying

(LY]) [x,y:| = —[y,x:|,

(LY2) {x,y,z}=—{y,x,2},

(LY3) om,z[[x, y], z} +0O,,.{xy,2}=0,

(LY4) O, {[x.y].za)=0,

(LY5) {a,b,[x,y] } = {a,b,x},y:| + [x,{a,b,y}],

(LY6) {a,b,{xy.z}})={{a,b.,x},y.z} +{x,{a, by}, 2} +{x,v,{a,b,z}},

for any x,y,z,a,b € g and where O, . denotes the sum over cyclic permutation of , y, z, that is (5%_3_3[[96, y],z} =

[[x,y},z] + [[z,x],y] + [[y,z],x].

Example 1 Let (g, [-,-]) be a Lie algebra. Define a ternary bracket {-,-,-} on g by

{x,y,z}=[[x,y],4, Vx,y,2 € g. (1)
Then (g, [-,-1.{,-, -}) is a Lie-Yamaguti algebra.
Example 2 Let (g, [-,-]) be a Lie algebra with a reductive decomposition g = n®m, i. e. [n,n] C n and

[n,m] C m. Define a bilinear bracket [-,-], and a trilinear bracket {-,-,-},, on m by the projections of the Lie

m

bracket:
[x,y]m = Wm([x’D”D, {x,y,2}0 = [Wn([x,y]),z], Va,y,z e m,

where 77,: g — n and 7,: ¢ — m are the projection maps. Then (m, [ {-,-,-}m) is a Lie-Yamaguti algebra.
Example 3 Let (g, * ) be a (left) Leibniz algebra. Define a binary and ternary bracket on g by
[x,y:| Sxky-—yka, {x»y,z}=—(x * y) *z, Vx,y,z€g.
Then (g, [-,1,{,", -}) is a Lie-Yamaguti algebra.
Example 4 Let g be a 2-dimensional vector space with a basis ¢,,¢,. If we define a binary non-zero
bracket [-,-] and a ternary non-zero bracket {-,-,+} on g as follows:
[8], 82] :—[82, al] =e,{e, e, =-{ene,e,)=¢,

then (g, [-,-1.{.-, -}) is a Lie-Yamaguti algebra.
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Example 5 Let g be a 3-dimensional vector space with a basis ¢,,&,, £,. If we define a binary non-zero
bracket [-,-] and a ternary non-zero bracket {-,-,-} on g as follows:

[8], 32] = —[82, sl] =&y, (e, )=-1¢e,e,e)=6
then (g, [-.-], {-,-,-}) is a Lie-Yamaguti algebra.

Next we introduce the concept of modified A-differential Lie-Yamaguti algebras motivated by the modified
A-differential Lie algebras (Peng et al. , 2022).

Definition 2 Let (g, [-,-1, {-,-,-}) be a Lie-Yamaguti algebra, for A € K, a linear map ¢: g — g is said to a
modified A-differential operator if ¢ satisfies

go[x,y]=[qo(x),y}+[x,¢(y)]+/\[x,y], (2)

eluy.zl=le(a).pz)+lme(y)z)+ oy o(a) ) + 24 {xy.2), (3)

for any «x,y,z € g. Moreover, A modified A-differential Lie-Yamaguti algebra is a quadruple ( [ % R IR CUE qo)
consisting of a Lie-Yamaguti algebra ( g, [, (.- ,-}) together with a modified A-differential operator .

A homomorphism between two modified A-differential Lie-Yamaguti algebras ( s 1 O DR COE go) and
(g’,[-,-] R ORI AN go’) is a linear map 7: g — g’ satisfying

(e y]) =[n()n(y)]. 2((xy.2)) = (n(x).0(y).n(2)} and @' (n(2)) = n(e(x)),
for all x, v, z € g. Furthermore, If 7 is bijective, it is said that » is an isomorphism from g to g'.

Remark 1 (i) Let ¢ be a modified A-differential operator on ( g, [, {0 ) If A =0, then ¢ is a
derivation on g, and then ( s 18 R IR G O go) becomes a Lie-Yamaguti algebra with a derivation. See Guo(2023)
for more details about Lie-Yamaguti algebras with a derivation.

(i) When a Lie-Yamaguti algebra reduces to a Lie algebra, that is {-,-,} = 0, we get the notion of a modified
A-differential Lie algebra. See Peng et al. (2022) for more details about modified A-differential Lie algebras.

(iii) If a Lie-Yamaguti algebra ( g.[.], {-,-,-}) reduces to a Lie triple system ( g, {0 ), we obtain the notion
of a modified A-differential operator on a Lie triple system ( g, {-,-,-}) (Long et al. , 2024).

Example 6 Assume that ( g.[-,°1, qo) is a modified A-differential Lie algebra in Definition 2. 5 (Peng et al. ,
2022), and from Example 1, then (g, [-,-],{-,-,-},go) is a modified A-differential Lie-Yamaguti algebra, where
{-,-,-}is given by Eq. (1).

Example 7 If (g,[-,-],{',-,-}) is a Lie-Yamaguti algebra, then (g,[-,-],{-,-,-},ldg) is a modified (-1)-
differential Lie-Yamaguti algebra, where Id : g — g is an identity map.

Example 8 Let ( g0, {-,-,-}) be the 2-dimensional Lie-Yamaguti algebra given in Example 4. Then the
quadruple ( g1, 0, gp) is a 2-dimensional modified A-differential Lie-Yamaguti algebra, where

<p=(k 0),f0rkeK.
0 -A

Example 9 Let ( a1, {',-,-}) be the 3-dimensional Lie-Yamaguti algebra given in Example 5. Then the
quadruple (g, [,-1.§.-,, go) is a 3-dimensional modified A-differential Lie-Yamaguti algebra, where

-A 0 0
e=10 £k 0}
0 0 k&

for k e K.
Proposition 1 Let[g,[-,-],{,-,"} ] be a Lie-Yamaguti algebra. A linear map ¢ is a modified A-differential
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operator if and only if the map ¢ + Ald, is a derivation on (g, [,-], {',',-}).

Proof Equations (2) and (3) are equivalent to
(¢ +A1d)[x.y]=[(¢ + A1d,)(x).y ] + [x.(e + A1d,)(y)].
(@ +Ald,) {x.yz)={ (@ + Ald, ) (x),yo2 )+ {2 (@ + AL, ) (1), 2} + { x5 (@ + ALd, ) (2) }.
The proposition follows.

Definition 3(Yamaguti, 1967) Let (g,[-,-], {-,-,-}) be a Lie-Yamaguti algebra and V be a vector space. A
representation of (g, [-.], {-,-,-}) on V consists of a linear map p: g — End (V) and two bilinear maps D, 0: g X
g — End (V) such that

(R D(xy) = 0(y.x)+0(x.y) +p([x.y]) - p(x)p(¥) +p(y)p(x) =0,
(R2) D([x.y]).2)+ D([r.2).x) + D([z2].y) =0,
) 0([xy].a)=0(x.a)p(y) - 6(y.a)p(x),
(R4) D(a,b)p(x)=p(x)D(a,b)+p({a,b,x}),
) 0(x.[a.b])=p(a)0(x.b) - p(b)0(x.a),
) D(a,b)0(x,y)=60(xy)D(a,b)+0({a,b,x},y)+6(x{aby}),
(R7) 0(a,{xy,2))=0(y.2)0(a,x) - 0(x,2)0(a,y) + D(x,y)0(a,z),
forall x, v, z, a, b € g. In this case, we also call V a g-module. We denote a representation by (V; 0,0, D).
It can be concluded from (R6) that
(R6)" D(a,b)D(x,y)=D(x,y)D(a,b)+ D({a,b,x},y)+ D(x, {a,b,y}).

Let(g,[-,~] , {-,~,~})beaLie—Yamaguti algebra. We define linear maps ad: g — End(g), LR: g — End(g)

by
ad(x)(z) =[x,z],  L(xy)(z)=lxyz),  Rlxy)(z)={zxy],
for all x,y,z € g. Then ( g;ad, L, R) forms a representation of g on itself, called the adjoint representation.

Definition 4 A representation of the modified A-differential Lie-Yamaguti algebra ( s 8 R R COES O go) is a
quintuple (V; p,6,D, gol,) such that the following conditions are satisfied:

(1) (V; p, 0, D) is a representation of the Lie-Yamaguti algebra (g, .1, 8., );

(i) ¢,: V — Vs a linear map satisfying the following equations

ep(x)u)=p(e(x))u+p(x)e,(u)+ Ap(x)u, (4)
e 0(xy)u)=0(@(x).y)u+0(x 0(y))u+0(x.y)e(u) +220(xy)u, (5)
foranyx,y e gandu € V.
It can be concluded from Eq. (5) that
o D(xy)u)=D(@(x).y)u+ D(x@(y))u+ D(xy)e(u) + 22D (2, y)u. (6)

Example 10 (9; ad, L, R,go) is an adjoint representation of the modified A-differential Lie-Yamaguti
algebra (g1, (o, ).

Remark 2 Let (V; p, 0, D,goy) be a representation of the modified A-differential Lie-Yamaguti algebra
(g,[-,-],{-,-,-},go). If A =0, then (V; p, 0, D,goV) is a representation of a Lie-Yamaguti algebra with a deriva-
tion (g, [+,°], .}, ).

The following result exposes some connections between the representations of modified A-differential Lie-

Yamaguti algebras and Lie-Yamaguti algebras with derivations.
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Proposition 2 The quintuple (V;p,0,D,¢,) is a representation of the modified A-differential Lie-
Yamaguti algebra (g,[-,],{,","}, ) if and only if (V; p, 6, D, @, + AId,) is a representation of a Lie-Yamaguti
algebra with a derivation (g, [-,-], ..}, @ + Ald, ).
Proof Equations (4)-(6) are equivalent to
(o0 + A1d,)(p(x)u) = p((@ + Ald, ) (x))u + p(x) (@, + A1d,) (u).
(@v + A1d,)(0(x,y)u) = 0((¢ + )\Idg)(x),y)u + G(x,(go + A1, ) (y))u + 0(xy) (@, + A1d,)(u),
(¢ + A1d,)(D(x.y)u) = D((¢ + A1d,)(x). v )u + D(x. (@ + 21d,) () )u + D(x.y) (@ + A1d,) (u).
The proposition follows.
Next we construct the semidirect product of the modified A-differential Lie-Yamaguti algebra.
Proposition 3 If (V;p,0,D,¢,) is a representation of the modified A-differential Lie-Yamaguti algebra
(g,[,-1, (..}, ), then gV is a modified A-differential Lie-Yamaguti algebra under the following maps:
[x+wy+v] =[xy]+p(x)(0) = p(y)(u).
{x+uy+vz+wh ={xyz}+D(x,y)(w)-0(x2) () +0(y,2)(u),
eDe,(x +u) = @(x)+ ¢, (u),
for all x,y, z € g and u,v,w € V. In the case, the modified A-differential Lie-Yamaguti algebra gV is called a
semidirect product of g and V, denoted by g X V = (g®V,[-,-L. {-.-, "}, oD, ).
Proof In view of Yamaguti(1967), (g®V,[-,-], {-,-,-}.) is a Lie-Yamaguti algebra. Next, for any x.y,z € g
and u,v,w € V, by egs. (2) - (6), we have
@, [x + uy +v] = 0®@o([x.y]+p(x)(0) - p(y)(w)) = e[x.y]+ e p(x)(v) - p(y)(w))
=[e(x).y]+[xe(y)]+ A[x.y]+p(e(2)v +p(x) @, (v) + Ap(x)v
=p(e(y))u-p(y)eu) = ro(y)u
=([e()y]+p(e()e=p(y)ew)) + ([0 ()] + p(x)e(0) = p(())u)
My +p(x)v=p(y)u)
=[e@e (x +u),y+ v]x + [x +u, oD,y + y)L + A[x+u,y + ”]M’
Do {x +uy+vz+wh
=olmy. 2} + o D(xy)(w) = 0(x,2)(0) + 0(y.2)(u))
={e(x).y.z}+{x@(y). 2} +{ay.0(2) 1+ 2X{x, 3,2} + D(@(x), y)w + D(x,éo(y))w
+ D(x, )@ (w) + 24D (2,5 )w = 0(@(x),2)v = 0(x, 0(2))v = 0(x,2) @y (v) = 2A0(x,2) v
+0(e(y).z)u+0(y.0(2))u+0(y.2)o(u)+220(y.2)u
=({e(x). 72} + D(@(x).y)w - 0(@(x).2)v + 0(y.2) @ (u)) + ({x.@(y). 2} + D(x.0(y))w
= 0(x.2)(0) + 0(@(y).2)u) + ({2 y.0(2) } + D(x.y)oy(w) = B(x. 0(2)) v + 0y, ¢(2))u)
+ 20 ({zyoz )+ D y)w = 0(x.2)v + 0(y.2)u)

={e@o(x+u),y +v,z+w) +{x+u,0Dp(y+v),z+w)

+{x+uy+0v,0P0(z+w)}, +2A{x +u,y +v,z+wh.

So (g@ Volosho {50k qo@gov) is a modified A-differential Lie-Yamaguti algebra.
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2 Cohomology of modified A-differential Lie-Yamaguti algebras

In this section, we will construct the cohomology of modified A-differential Lie-Yamaguti algebras.
Firstly, let us recall the Yamaguti cohomology theory on Lie-Yamaguti algebras in Yamaguti(1967). Let

(V;p, 0,D) be a representation of a Lie-Yamaguti algebra (g,[-,-],{-,-,-}), and we denote the set of (n + 1)-

n+1

cochains by C/y ( g, V), where

X Hom

Hom|[A2g ® - @ N\g,V

1 Ng & - QNg ® g, V|, n=1,
Cﬁ; (g’ V): M

Hom(g,V), n=20.
In the sequel, we recall the coboundary map of (n + 1)-cochains on a Lie-Yamaguti algebra g with the
coefficients in the representation (V; D, 0, D).

If n> 1, for any (f, g) c Ccy+l(g’v)’ R=xNy,eNg(i=12,-.n+1),zeg, the coboundary map
st = (8 e ) ey (g V) — e (e V). (fig) e (5$+‘(ﬁg),5$,*‘(ﬁg))is given as follows:
6T+](f’g)(ﬁla”"ﬁn+l):(_l)n(p(xrwl)g(ﬁlv"'7ﬁn7yn+1)_p(yn‘rl)g('ﬁl’.“’R"’x"*l)

—g( R Ry )+ 2(—1)“1D(ﬁk)f(ﬁl,-..,§“ ...7ﬁ”+l)

k=1

+ (_l)kf(ﬁlv'naﬁ\lm'nv{xkvykv xl}/\ yl + X /\ {xkvyk7y1}9“.7 ﬁn+l)7

'l(e(y,m’z)g(ﬁn -, R, xn+l) - 6(xn+1az)g(ﬁ1""»ﬁmyn+1))
(-1)""'D(R)g( R B By 2)

k —

+ (_1) g(ﬁlv'”v ﬁlm"'a{xkol‘axl} /\ Y + X /\ {xkayk’yl}f”,ﬁlmlv Z)

+ Z(_])kg(ﬁla'"9fﬁ\ln"'oﬁ,mlo{xkvylm Z}),

1

where ~ denotes omission. For the case that n = 0, for any f € CL‘Y(g, V) , the coboundary map §' = (61‘,8“):
Ciy(g. V) = Ciila.V).S = (81(/).84(f) ) is given by:
SI(f)(wy)=p(x)f(y)=p(y) /()= f([xr]).
() xyz) = D(wy) £(2) + 0(y.2) f(x) = 0(x.2) £ () = f ({22 }).

The corresponding cohomology groups are denoted by HLY( g, V).

Next we construct a cohomology theory for modified A-differential Lie-Yamaguti algebras by using the
Yamaguti cohomology.

Let (g, [-,1. 8., gp) be a modified A-differential Lie-Yamaguti algebra and (V; p,0,D, goy) be a

representation of it. For any (f,g)eC{fY”(g,V), n>1, we define a linear map @' =(d;*', dy'):
C (g V)= e (e, V), (fg) o (@), @i () by:

W)= 35 0 ) (10 A1)+ (2n = a5+ (10 A 1)) = gy < (10 210)'),

@y (g)= Zilg (107" @1 ) o (1 A1) A Td) +2ndg (10 A1d) A Td) - @, © g = ((1d Ald)" Ald).

i=1

In particular, when n = 0, define ®': C/\(g, V) — C!\(g, V) by <I>'(f) =fop-g@,°f
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Lemma1l The map ®"*': Cy ‘(g, V) — C ‘(g, V) is a cochain map, thatis, 8" © ®" = @"*' o §",

Proof It follows by a straightforward and tedious calculations.

Definition 5 Let (V;p,0, D, ¢,) be a representation of the modified A-differential Lie-Yamaguti algebra
( s 81 R S GO O go). We define the set of modified A-differential Lie-Yamaguti algebra 1-cochains to be
Cov(8,V) = Cly(g, V). Forn > 1, we define the set of modified A-differential Lie-Yamaguti algebra (n + 1)-co-
chains by

Cimx(g. V)= Ciy (8. V)®Cir(g. V).
Define a linear map 9': Cyyiy(g, V) — Cany( g, V) by
0'(£)=(8"fi. —@'(£)). Vfs € Chuns(. V).
For n = 1, we define the linear map 0% Ciyy (g, V) — Cinis(9, V) by
?((frng) £)=(8(fr8).8 () + (frg)). V((£ig) ) € Conla V).
Then, for n > 2, we define the linear map 9" *": it (g, V) — Cini(9, V) by
0 N(fog) (forg)) = (8 (S0 8). 8 (frrga) + (1) 107 £ 1) ),

forany (/. .).( /> &) € Cimi(a. V).

In view of Lemma 1, we have the following theorem.

Theorem 1 The map 9""' is a coboundary operator,i.e., 9"*' © 9" = 0.

Therefore, from Theorem 1, we get a cochain complex (CN'IDLY( g, V), 6') called the cochain complex of
modified A-differential Lie-Yamaguti algebra ( g [, {0, go) with coefficients in (V;p,0,D,¢,). The
cohomology of (C,\}m( g, V), d ), denoted by H,}Im( g, V), is called the cohomology of the modified A-differential
Lie-Yamaguti algebra (g, [, {.., qo) with coefficients in (V; p,0,D, 0, )

In particular, when (V;p, 0, D,gov) = (g; ad, Z, R,gp), we just denote (C;m,y(g,g), 8'), H;lm(g,g) by
(C,(wu( g), d ), H,{mu( g) respectively, and call them the cochain complex, the cohomology of modified A-
differential Lie-Yamaguti algebra ( s 1 R R G O go) respectively.

It is obvious that there is a short exact sequence of cochain complexes:

Cons (8, V) Ciy(8, V) = 0,

where in and pr are natural inclusion and projection respectively. It induces a long exact sequence of cohomology

in

O—}C]:Y_I(g’[/);)

groups:
e T HII)AT ](g’ V) - HIY)VID],Y(g’ V) - HIII,Y(Q’ V) - HI;IBITY(Q’ V) - HII); ](gv V) -
3 One-parameter formal deformations of modified A-differential Lie-Yamaguti
algebras
In this section, we study one-parameter formal deformations of modified A-differential Lie-Yamaguti

algebras. Let K[[t] ] be a ring of power series of one variable ¢, and let g[[t]] be the set of formal power series

over g. If ( g.[-.]. {-,-,-}) is a Lie-Yamaguti algebra, then there is a Lie-Yamaguti algebra structure over the ring

K[[¢]]on g[[¢]]given by

St S-S Sl | S Sy Sa| =3 S tnanesd

s=0i+j=5s i=0 ji=0 k=0 s=0i+j+k=s

Definition 6 A one-parameter formal deformation of the modified A-differential Lie-Yamaguti algebra
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(g.[.-]. £, @) is atriple ( £, g,, ¢, ) of the forms

/= 2f} S AT iﬂqoit",
such that the following conditions are satisfied:
D ((f. &) 0.) € Cimnl)-fo =Ll gy =l Jand g = ¢
(ii) ( ol[e1].f 2. got) is a modified A-differential Lie-Yamaguti algebra over K [[¢] ]
Let ( S & go,) be a one-parameter formal deformation as above. Then, for any x.,y, z, a, b € g, the following
equations must hold:
fley) + f(yx) =0, g2 y.2)+ g(y,x2)=0,
O, S Sxy)oz) + O, gxy.2) =0,
0.8l f(xy).za)=0,
gla b.f(xy)) = fgla b,2),y) + (2 ga b, y)),
gla b, g(x7.2)) = alga b,x),y.2) + g (v gla b,y), ) + g (x5 (0, b,2)),
o f(xy) =fl@ () y) + £l oly)) + Af(xy).
o g(xy.2)) = glex).y.2) + gl ely).2) + glxy 0(2) + 22g (2. 7. 2).

Collecting the coefficients of ¢", we get that the above equations are equivalent to the following equations.

f,‘(x,y) +f”(y,x) =0, g"(x,y,z) + g”(y,x,z) =0, (7)

SO, A lxy)e) + O xr2) =0, (8)
ZOM:gi(f,,,l(x, y),z, a) =0, (9)

Zgi((l, b»fu—i(x, y)) = Zﬁ(gn_i(a, b,x),y) + 2ﬁ(%, g”_i(a, b,y)), (10)

2&-((1, bog,(xy.2)) = Z(gi(gnf,:(a, box).yoz) + gfxg,(anbiy).z) + g(xy.g, (a.b.2))). (11)
j‘ﬁpi(fn—i(x’y)) = i(ﬁ(%ff(ﬂﬁ)»y) +ﬁ(x9 §Dn—i(y))) + )‘fn(x’y)9 (12)

i=0 i=0

2¢( {x.y.2)) = i(gi(son_z(x),y,Z)+g,-(x,¢>u_[(y),Z)+gi(x,y,¢,._i(2)))+2/\g,,(x,y,Z)- (13)

=0 =0

Note that for n = 0, equations (7)-(13) are equivalent to ( g, fo,go,goo) is a modified A-differential Lie-
Yamaguti algebra.

Proposition 4 Let ( f,,gt,gp,) be a one-parameter formal deformation of a modified A-differential Lie-
Yamaguti algebra (g, [,-1.§,-,, go). Then ((fl, g, ), @, ) is a 2-cocycle in the cochain complex (C,\'mm (g) ,0° )

Proof Forn = 1, equations (7)-(11) become

Filey) + filyx) =0, gi(xy,2) + gy, %,2) = 0, (14)
[Al)z] o Al )e) + [T+ ATads) + [Ale)on] # £ s)x)
+gi(my.z) + gz y) + gy zx) =0, (15)

g ([« y] )+{f1(x v)zmal+g([zmalya)+( fi(z).yal+g([vmz]ima) + 1 fi(r.2). 00} =0, (16)
( a, b, )+ a, bf1 X, y f({a,b,x},y)+[g1(a,b,x),y] +f1(x, {a,b,y})+[x,gl(a,b,y)}, (17)
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g(a,b, {xy.2)) +{a, b, g (xy.2) ) = g({a byx),y,2) +{g(ab,x),y,2) + g/(x, {a,b,y),2)
+{x g(aby),z)+ g (xy, {a.b,2}) +{x,y,g(ab,z)}. (18)
From eqgs. (14)-(18), we get (fl,gl) € Cf\,(g) and 62(f1,g1) = 0. Forn = 1, equations (12) and (13) become
o(£i(wy)+ el[my]) = (o) ]+ file(x).y) + [mei()] + £ oo (9) 1+ Mily),  (19)

o(g(xy2))+ @ (fayz)) =le(x).y. 2} + g (@(x). y.2) +{x @ (v). 2} + g2 0(y).2)

Hoxy,@(2) )+ g2y, 0(2) + 242, (x 3, 2). (20)

Further by eqs. (19) and (20), we have §}(¢, ) + CDIZ(fl) =0and §}(¢,) + CI)fl(gl) = 0 respectively. Hence,
82((f], g, ), gol) = 0, that is, ((fl,g1 ), 0, ) is a 2-cocycle in (C,{,IDLY(g), 8').

Definition 7 The 2-cocycle (( fir & ), gol) is called the infinitesimal of the one-parameter formal deforma-
tion (f,, g go,) of a modified A-differential Lie-Yamaguti algebra (g, [-,-1.8,., go).

Definition 8 Let ( S s go,) and ( 1 gl e, ) be two one-parameter formal deformations of a modified A-dif-
ferential Lie-Yamaguti algebra (g, [-,-1.§,-,, go). A formal isomorphism from (g[[t] },f,, g0 go,) to
(g[[t] ./ e, go,’) is a power series ¥, = iil/it" :g[[t]] — o[[¢]], where ¥:g — g are linear maps with

=0
¥, = 1d,, such that
Voofi=f°(V.QW), Weg=g (VAW QW), Vop=9¢ V. (21)

In this case, we say that the two one-parameter formal deformations ( S s go,) and ( 1l el ) are equivalent.

Proposition 5 The infinitesimals of two equivalent one-parameter formal deformations of ( s 18 EU IR COE cp)
are in the same cohomology class in Hiwu( g).

Proof Let W,:(g[[t]],f[,gl,gol) — (g[[t]],ﬁ’, g[,go,’) be a formal isomorphism. By expanding egs. (21)
and comparing the coefficients of ¢ on both sides, we have

fi=fi=foe (W o 1d)+f, o (1d, © &)= ¥, © f,
g -g =g ° (W old, o ld,)+ g, (1d, o 1d, o ¥,)+ g, ° (Id, ° ¥, 2 Id,) - ¥, © g,
-V -V oo
That is, we can get
((foog)oen) = ((flg1).01) = (81(W), —@'(W,)) = 0'(¥,) € Bius(a).
Therefore, ((f]', g ), @ ) and ((f, , &, ), @, ) are in the same cohomology class in Hﬁm(g).

Definition 9 A one-parameter formal deformation ( S &0 gol) of modified A-differential Lie-Yamaguti alge-
bra (g,[-,~],{-,-,-},go) is said to be trivial if the deformation (f,,gl,go,) is equivalent to the undeformed one
(fo-g0-0).

Definition 10 A modified A-differential Lie-Yamaguti algebra ( a1 6, go) is said to be rigid if every
one-parameter formal deformation of g is a trivial deformation.

Theorem 2 Let (g,[-,-],{-,-,-} ,qo) be a modified A-differential Lie-Yamaguti algebra. If Hﬁmn( g) =0,
then(g, [-,-],{-,-,-},gp) is rigid.

Proof Let ( S &is gD[) be a one-parameter formal deformation of (g,[-,-] At go). From Proposition 4,
((fl,g1 ), @, ) is a 2-cocycle. By Hfmu(g) = (0, then there exists a 1-cochain

7, € Cunn(8) = Cii(0).
such that (( f,.g,).¢,) = 9'(¥,). thatis, f, = 6}(¥,), g, = 64(¥,) and g, =—@'(¥,).
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Setting ¥, = Id, — W1, we get a deformation (]t,gr,ar), where
[=W"ofie (P, QW), g=%'g°  (VOWV,RW), ¢=¥'°g-°WV,
It can be easily verify that]_‘1 = O,gl = O,E] = 0. Then
fi=fo+ [0+ g, =g tg l’+ @, =+ @, 10+
By egs. (7)-(13), we see that ((fz,gz),az) is still a 2-cocyle, so by induction, we can show that (fl,gl, go,) is

equivalent to the trivial one-parameter deformation ( Jos &0 go). Therefore, ( s 8 EO I CUE O go) is rigid.

4 Abelian extensions of modified A-differential Lie-Yamaguti algebras

In this section, we consider Abelian extensions of modified A-differential Lie-Yamaguti algebras. We prove
that any Abelian extension of a modified A-differential Lie-Yamaguti algebra has a representation and a 2-
cocycle. It is further proved that they are classified by the second cohomology.

Let (g, go) = (g, [-,-1,{.-,, go) be a modified A-differential Lie-Yamaguti algebra and (V, <pl,) be an Abelian
modified A-differential Lie-Yamaguti algebra, i. e. , the Lie-Yamaguti algebra brackets [-,-], = 0 and {-,-,}, = 0.

Definition 11 An Abelian extension ( g, [-,-]ﬁ, {-,-,-}é, qS) of (g, go) by (V, goy) is a short exact sequence of
morphisms of modified A-differential Lie-Yamaguti algebras

0—>(Vog,) =8, [+l by @) —> (0. 0) —0

where V is an Abelian ideal of g, 1. e., ¢,(u) = ¢(u), [u,v]@ =0={,uv}, Yu,vel

Definition 12 A section of an Abelian extension (ﬁ, [-,-]ﬁ, {-,-,-}é,gﬁ) of (g, go) by (V, goV) is a linear map
s:g — gsuchthatp o s = Id,.

Definition 13 Let (@I,[-,-]@‘, T gf)]) and (ﬁz, [+, - {""'}w@) be two Abelian extensions of(g, gp) by
(V,¢,). They are said to be equivalent if there is an isomorphism of modified A-differential Lie-Yamaguti alge-
A @ ) — (ﬁz, [1 ol s QBZ) such that the following diagram is commutative:

bras (61

1

13 pl

0—> (V.o )= (8.l by 61 )= (8. 0) —0

K (22)
V
0—(Vo@,) =5 (8 o Ly oy 62) — (8.0) —0
The set of all equivalence classes of Abelian extensions of ( g, go) by (V, gpy) is denoted by Extm,( g, V).

Now for an Abelian extension (@,[-,-]@, {-,-,-}ﬁ,gé) of (g,go) by (V,goy) with a section s: g — g, we define
linear maps p: g — End(V)and 6, D: g X g — End(V) by
p()u=[s(x)u].  O(ry)u=

In particular, D(x,y)u = {s(x),s(y), u by

{u,s(x),s(y) }ﬁ, Va,y e g,ueV.

Proposition 6 With the above notations, (V; p,0,D, goy) is a representation of the modified A-differential
Lie-Yamaguti algebra (g, ¢).
Proof In view of Zhang et al. (2015), (V; p, 0, D) is a representation of the Lie-Yamaguti algebra g. Fur-

ther, for any x,y e gand u € V, ¢s(x) - s(go(x)) € V means thatp(gﬁs(x))u =p(s¢>(x))u, 9(gﬁs(x),¢s(y))u =
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0(se(x).s¢(y))u. Therefore, we have
ol p()u) = @ [s(x).u] = p[s(x).u] =[@s(x),u] +[s(x). @ ()] +A[s(x),u]
=p(e(x))u+p(x)e,(u) + Ap(x)u,
o(8(x.y)u) = oufus(x).s(y) )}y = ¢ Lus(2).s(y) ),
{@(u).s(x),s(y) Y +{u @s(a).s(y) )+ {uas(x). @s(y) ), + 24 {u,s(x),s(y) ),
=0(x.y) @ (u) + 0(@(x).y)u+0(x.0(y))u + 240(xy)u.

Hence, (V; p,0,D, go‘,) is a representation of(g, 1) )

§

We further define linear mapsv: g X g — V, ¢: g X g X g — Vand y: g — V respectively by

V(x,y) = [s(x),s(y)}é - s([x,y]),
(2 y,z) = s(2),s(y).s(2) ) = s y.2)),
x(a)=¢(s(x)) - s(e(x)), VYryzegq
We transfer the modified A-differential Lie-Yamaguti algebra structure on g to gd®V by endowing g@®V with
multiplications [-,-],, {-,-,-}, and a modified A-differential operator ¢, defined by

[x+uy+vl,=[xy]+p(x)v—p(y)u+v(xy),
{x+uy+v,z+w),={xyz}+ H(y,z)u - 0(x,z)v + D(x,y)w + ¢(x,y,z),
elx+u)=¢(x)+x(x)+o(u), Vv, y,2z€9, u,v,we V.

Proposition 7 The 4-tuple (gEB |78 K 9 CFEI P goX) is a modified A-differential Lie-Yamaguti algebra if and
only if ((v, 1//),,\/) is a 2-cocycle of the modified A-differential Lie-Yamaguti algebra (g, .1, {0, go) with the
coefficient in (V; p,0,D, goy). In this case,

0—>(V, 0, )= (a®V.[- L by @) ——> (8. 0) —0
is an Abelian extension.

Proof In view of Zhang et al. (2015), (gEBV, [-,-],, {"'»'}w) is a Lie-Yamaguti algebra if and only if
52(1/, 1/;) = 0. The map ¢, is a modified A-differential operator on (g@ V[, { ,-,-}V,) if and only if

qDX[x+u,y+11] =[¢X(x+u),y+1)i| +[x+u,gDX(y+1j)i| +/\[x+u,y+1}},
e lx+uytvztwl, ={elx+u)y+vzrwl +{x+uwe(y+v)z+w),
+{x+uy+volz+w)},)+220{x+uy+v,z+uw},

for any x,y,z € g and u,v,w € V. Further, we get that the above equations are equivalent to the following

equations:
x[ay]+ e r(xy)) =v(e(x).y) +v(xe(y)) + Av(xy) +p(x)x(y) - p(y) x(2), (23)
Xy z)+ o yz)) =g (o). v 2) + d(n@(y).z) + ¢ (xy. 0(2) + 240 (2,7, 2)
+0(y,z))((x)—H(x,z)X(y)+D(x,y),\/(z). (24)

Using eqs. (23) and (24), we get 8!/(x)+ ®X(»)=0 and 8}(x)+ Pi(#)=0 respectively. Therefore,
((no9).x) = (8(r.9).8'(x) + ©*(v.4p)) = 0, thatis, ((v,4). x ) is a 2-cocyele.

Conversely, if ((v,4).x) is a 2-cocycle of the modified A-differential Lie-Yamaguti algebra
(g.['.]. 6.}, @) with the coefficient in (V:p,6,D,¢,), then we have &*((v.4).x)=(8(r.y), 8'(x)+
@*(v,)) =0, in which &(v.4) =0, egs. (23) and (24) hold. So (g®V.[-.-]..{. .. ¢,) is a modified A-

differential Lie-Yamaguti algebra.
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Proposition 8 Let (@, [P 9 C O gﬁ) be an Abelian extension of(g, gp) by (V, go‘,) and s: g — g a section.
If ((V,l,[/),)() is a 2-cocycle constructed using the section s, then its cohomology class does not depend on the

choice of's.

Proof Lets,,s,:g — g be two distinct sections, then we get two corresponding 2-cocycles ((vl,dfl ), ,\/,)

and((vz,zﬂz),,\/z)respectively. Define a linear map w: g — Vby w(x) = sl(x) - s,(x) forx e g. Further,
(o) = [s(0)asi(0)], = il T = [0) + 0(2)ess(5) # 0(0)], = s[5 ]) - o s
=[5(2).5:(y)] +p(D)o(y) = p(y)ox) - ([ ]) w[x,y]=vy(x, )+ Slo(x.y),

lﬂ](x,y z) {Sl(x) ( ) I( )}g sifx 5 Y z}
= {5,(2) + 0(x).5,(y) + (7). 5:(2) + 0(2) ), = s, (.7, 2) - 0 [ x.7.2)
{sz(x),s( ) s,(z )}E+ ( ) (x)—H(x,z)w(y)+D(x,y)a)(z)—w{x,y,z}—sz{x,y,z}

= 2(x,y,z) + 5Ha)(x,y,z),
xi(x) = @s,(x) = 5,0(x) = ¢ (5,(x) + @(x)) = (5,0 (x) + wep(x))
= ¢s5,(2) = 5,0 (x) + o (x) — w((x)) = xo(x) + gy (x) - 0(@(x)) = xa(x) - P'w(x).
So ((Vl,zp]),,\/l) - ((vz,zﬂz),,\/z) =(8'w,-P'w) = 8"(w) € Biyy(g, V), that is ((v,,zpl),)(l) and ((Vz,wz),/\/z)
are in the same cohomology class in Himm( g, V).

Theorem 3 Abelian extensions of a modified A-differential Lie-Yamaguti algebra ( g, go) by (V, gov) are clas-
sified by the second cohomology group Hﬁlm( g, V) of ( g, go) with coefficients in the representation
(V; p,0,D, goy). Namely, there exists a bijection Extm,(g, V):Hﬁmm(g, V).

Proof Suppose (@1, ["']ﬁﬁ {-,-,-}ﬂ], gﬁl) and (@2, ['7']52’ {"'7'}527 gﬁz) are equivalent Abelian extensions of(g, qo)
by (V,,) with the associated isomorphism ”’7:(@1’["']@3 {-,-,-}@l,gﬁl) — (@2,[',-]62, {-,-,-}éz,gﬁz) such that the dia-
gram in (22) is commutative. Let s, be a section of(@l, [l {""'}é.’ o, ) Asp, ° n =p,, we have

poo(nes)=(psom)os =p os =1d,
So the map 7 © s, is a section of (@2,[-,-]é2, {',',‘}@,@) Denote s, =m © s,. Since n is an isomorphism of

modified A-differential Lie-Yamaguti algebras such that nl, = 1d,, we have

vixy) = [s(2).5(y)] - sl[xy])= [n(sl(x))m(sl(y))Lz = n(si([x7]))
_n([sl(x),sl(y)]f -sl([x,y]))=n(yl(x,y))wl(x,y),

lr,jz(xoyaz):{Sz(x)vsz(y)752(z) }§2—Sz({xay»z}):77({31(90),51(}’),31(Z) }g| _Sl{xayvz}):lr/fl(xoyaz)»
Xo(2) = @(s55(x)) = sy(@(x) = @(m e sy(x) =1 o s,(e(x)) = (s,(x)) = s5,(@(x)) = xi().
v

So all equivalent Abelian extensions give rise to the same element in wau(g

defined map I": Ext,.(g, V) — Hipn(g, V).

). Therefore, there is a well-

Conversely, given two cohomologous 2-cocycles ((Vl,wl),)(l) and ((v2,¢2),X2) in Hﬁ,m(g, V), we can
construct two Abelian extensions (g@V, (I P GO S GDX.) and ( [+1S=1 7% ) WO CRE) gph) via Proposition 7. Then

there is a linear map w: g — V such that

((Vl’ ¢1),X1) - ((Vz’ Wz)»/\/z) = al(w) = (51(1), —q)la)).
Define a linear map n,: g®V — g®Vby n,(x + u) =x + w(x) + u forx € g,u € V. Then we have that 1,,
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is an isomorphism of these two Abelian extensions. Therefore, I Extm,(g, V) — Hﬁmw(g, V) is bijective. This

completes the proof.
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